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A Bit About LANL
• Advanced Network Science Initiative 

(ANSI) 
• 10+ Diverse Staff 

• Optimization, ML, Applied Math, 
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• Applications in complex networks 
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• Developing novel algorithmic methods
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Power Network Optimization is Complicated

variables:

pgi 2 (pgl
i ,pgu

i ) 8i 2 N - active power generation

qgi 2 (qgl
i , qgu

i ) 8i 2 N - reactive power generation

vi 2 (vl
i ,v

u
i ) 8i 2 N - bus voltage magnitude

✓i 2 (�1,1) 8i 2 N - bus voltage angle

✓�ij 2 (✓�l
ij ,✓�u

ij ) 8(i, j) 2 E - angle di↵erence on a line (aux.)

pij 2 (�suij , s
u
ij) 8(i, j) 2 E [ ER

- active power flow on a line (aux.)

qij 2 (�suij , s
u
ij) 8(i, j) 2 E [ ER

- reactive power flow on a line (aux.)

subject to:

✓r = 0

pgi � pd
i =

X
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i =
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qij 8i 2 N
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�
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�
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�
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Flow Conservation (i.e. KCL)

Line Power Flow  
(i.e. Ohm’s Law)

AC Power Flow

Line Flow Limits

AC

non-convex
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Power Network Optimization is Complicated
This article has been accepted for inclusion in a future issue of this journal. Content is final as presented, with the exception of pagination.
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AC-Feasibility on Tree Networks is NP-Hard
Karsten Lehmann, Alban Grastien, and Pascal Van Hentenryck

Abstract—Recent years have witnessed significant interest in
convex relaxations of the power flows, with several papers showing
that the second-order cone relaxation is tight for tree networks
under various conditions on loads or voltages. This paper shows
that ac-feasibility, i.e., to find whether some generator dispatch
can satisfy a given demand, is NP-hard for tree networks.
Index Terms—Computational complexity, optimal power flow

(OPF).

NOMENCLATURE

AC-network.

Set of buses.

Set of generators.

Set of loads.

Bus of a network.

Bus of a network.

Set of lines.

Set of lines with direction.

Susceptance.

Conductance.

Line from to with conductance and
susceptance .

Capacity of a line.

Maximum phase angle difference.

Phase angle at bus .

Real line power flow for phase angle difference
of .

Reactive line power flow for phase angle
difference of .

Real power flow on line ( ).

Reactive power flow on line ( ).

Real power demand.

Reactive power demand.
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I. INTRODUCTION

M ANY interesting applications in power systems, in-
cluding optimal power flows, optimize an objective

function over the steady-state power flow equations, which are
nonlinear and nonconvex. These applications typically include
an ac-feasibility (AC-FEAS) subproblem: find whether some
generator dispatch can satisfy a given demand.
Although the set of ac-feasible solutions is in general a non-

convex set, this does not imply that the ac-feasibility problem
is NP-hard,1 as nonconvexity does not imply NP-hardness. For
example, the family of optimization problems such that

where has a nonconvex constraint
and a nonconvex solution set but the optimal solution is always

and can be trivially computed.
The first NP-hardness proof for ac-feasibility was given for

a cyclic network structure in [1]. It relies on a variant of the dc
model [2] but uses a sine function around the phase angle dif-
ference. From an ac perspective, this means that conductances
are 0, voltage magnitudes are all fixed at 1, and reactive power
is ignored.
This paper proves that ac-feasibility is NP-hard for tree net-

works. As is typical for NP-hardness proofs, the NP-hardness
reduction only uses a subset of all ac power flow instances. In
particular, the proof uses power flow instances where voltage
magnitudes are fixed to 1 in the per-unit system and there is ex-
actly one load with a positive reactive power demand. The proof
does not require bounds on generation and is valid for realistic
conductances, susceptances, and bounds on the phase angles.
This NP-hardness result provides a counterpart to a series of

positive results on convex relaxations of the ac power flow equa-
tions following the seminal work of Jabr et al. [3], [4]. See also
[5]–[8], as well as the comprehensive survey in [9]. In particular,
this survey indicates that there are three types of sufficient con-
ditions that guarantee exactness of the convex relaxations for the
optimal power flow (OPF) problem, i.e., minimizing the gener-
ation dispatch costs while satisfying a given demand (ac-fea-
sibility is a subproblem of OPF). The first sufficient condition
is linear separability, which is violated by the instances in the
NP-hardness reduction which fix the injection at the load. The
second sufficient condition requires that the upper bound on the
voltage bound is not tight, which is violated in the reduction in-
stances where the voltage magnitude is fixed. The final set of
conditions requires that the phase angle difference across each
line depends on the ratio of conductance and susceptance and
that there is no lower bound on reactive power. These condi-
tions are once again violated in the proof whose instances have

1Recall that a problem is NP-hard if every problem in NP can be reduced to
it in polynomial time.

0885-8950 © 2015 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
See http://www.ieee.org/publications_standards/publications/rights/index.html for more information.
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Power Network Optimization is Complicated
DC Power Flow Approximation

Linear Model
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linear
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Power Network Optimization is Complicated
SOC Power Flow Relaxation

Convex Constraints

AC

SOC

AC

convex
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R&D Challenges

• Two Core Issues 
• Power Flow Formulations 
• Test Cases for Benchmarking
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The Formulation Problem

• It is possible to publish a new approximation 
or relaxation, without comparing to many 
previous works 

• There has been an explosion of proposed 
power flow alternatives (often hard to find) 

• No clear top performers, in terms of 
citations at least…
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Formulation 
Taxonomy 
(as of 2014)

Just Relaxations
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The Instance Problem
• It is possible to publish a new method, by only 

testing on a few (5-10) 
• typically these are very-easy test cases  

• e.g. convex objective function with no binding 
constraints 

• Industry more-or-less ignores academic results 
• One reason is that the test cases are too easy
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My Solution?

A novel scientific methodology

Brute-Force R&D
Run All Formulations on All Instances

“No clever ideas required!”
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AMPL Implementation
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Test Case Archive
NESTA

The Nicta Energy System Test Case Archive

Carleton Co↵rin1,2,3, Dan Gordon1, and Paul Scott1,2

1Optimisation Research Group, NICTA
2College of Engineering and Computer Science, Australian National University

3Computing and Information Systems, University of Melbourne

August 12, 2016

Abstract

In recent years the power systems research community has seen an explosion of work applying op-
erations research techniques to challenging power network optimization problems. Regardless of the
application under consideration, all of these works rely on power system test cases for evaluation and
validation. However, many of the well established power system test cases were developed as far back as
the 1960s with the aim of testing AC power flow algorithms. It is unclear if these power flow test cases
are suitable for power system optimization studies. This report surveys all of the publicly available AC
transmission system test cases, to the best of our knowledge, and assess their suitability for optimization
tasks. It finds that many of the traditional test cases are missing key network operation constraints,
such as line thermal limits and generator capability curves. To incorporate these missing constraints,
data driven models are developed from a variety of publicly available data sources. The resulting ex-
tended test cases form a compressive archive, NESTA, for the evaluation and validation of power system
optimization algorithms.

Nomenclature

V = v\✓ - AC voltage

p+ iq - AC power

e - AC current magnitude

y - Line admittance magnitude

r + ix - Line impedance

b

c - Line charge

t - Line apparent power thermal limit

p

d + iq

d - AC power demand

p

g + iq

g - AC power generation

c0, c1, c2 - Generation cost coe�cients

v̇ - Nominal voltage

✓

� - Phase angle di↵erence

f - Fuel category

µ - Mean

� - Standard deviation

� - Rate of an exponential distribution

e - Exponential constant

x

u - Upper bound of x

x

l - Lower bound of x

x̂ - An estimation of x

x - A constant value

1 Introduction

Over the last decade, power systems research has experienced an explosion of publications applying
operations research technologies to power network optimization problems, such as economic dispatch

2

$/h Optimality Gap (%)
Test Case AC CP NF+LL SOC SDP

nesta case3 lmbd 5812.64 2.99 2.26 1.32 0.39
nesta case4 gs 156.43 29.69 7.01 0.00 0.00

nesta case5 pjm 17551.89 15.62 14.55 14.54 5.22
nesta case6 c 23.21 1.88 0.36 0.30 0.00

nesta case6 ww 3143.97 3.10 0.81 0.63 0.00
nesta case9 wscc 5296.69 1.52 0.17 0.00 0.00
nesta case14 ieee 244.05 5.18 0.28 0.11 0.00

nesta case24 ieee rts 63352.20 3.71 0.36 0.01 0.00
nesta case29 edin 29895.49 0.76 0.16 0.14 0.00
nesta case30 as 803.13 4.42 0.38 0.06 0.00
nesta case30 fsr 575.77 1.83 0.50 0.39 0.00

nesta case30 ieee 204.97 27.91 16.69 15.88 0.00
nesta case39 epri 96505.52 0.96 0.08 0.05 0.01
nesta case57 ieee 1143.27 1.59 0.27 0.06 0.00

nesta case73 ieee rts 189764.08 3.56 0.36 0.03 0.00
nesta case89 pegase 5819.81 1.50 0.36 0.17 0.00
nesta case118 ieee 3718.64 7.87 2.43 2.07 0.06

nesta case162 ieee dtc 4230.23 15.44 4.43 4.03 1.08
nesta case189 edin 849.29 — 1.79 0.21 0.07
nesta case300 ieee 16891.28 — 3.65 1.18 0.08

nesta case1354 pegase 74069.35 1.36 0.20 0.08 0.00?

nesta case1394sop eir 1366.81 7.31 1.25 0.82 —
nesta case1397sp eir 3888.99 5.55 err. 0.93 —
nesta case1460wp eir 4640.18 41.26 1.25 0.89 —
nesta case2224 edin 38127.69 8.45 6.33 6.09 1.22

nesta case2383wp mp 1868511.78 5.35 1.38 1.05 0.37
nesta case2736sp mp 1307883.11 2.44 0.46 0.30 0.00?

nesta case2737sop mp 777629.29 1.75 0.39 0.25 0.00?

nesta case2746wp mp 1631775.07 3.09 0.53 0.32 0.00?

nesta case2746wop mp 1208279.78 2.50 0.56 0.37 0.00?

nesta case2869 pegase 133999.29 1.16 0.19 0.09 0.00?

nesta case3012wp mp 2600842.72 — 5.18 1.02 err.
nesta case3120sp mp 2145739.40 — 5.26 0.55 err.
nesta case3375wp mp 7435697.48 — 2.01 0.52 err.
nesta case9241 pegase 315913.26 — 2.16 — —

Table 12: AC-OPF Bounds on the NESTA Test Cases (? - solver reported numerical accuracy warnings).

5.2 Building More Challenging Test Cases

The first goal of NESTA is to establish a comprehensive archive of transmission system test cases with
reasonable network parameter values. However, its secondary goal is to serve as a basis for building
modified networks for testing a variety of power system scenarios and applications. In this section we
demonstrate two of many possible ways that NESTA and the models developed in this report can be
used to build interesting new test cases.

It was observed in [9, 40] that power flow congestion is a key component in interesting AC-OTS test
cases. This observation inspires the following approach to building congested NESTA test cases. For
each of the standard NESTA cases, we make the generator capabilities unbounded and then solve an

20

35 base 
cases

active power increase optimization problem, which increases the active power demands proportionally
throughout the network until the line thermal limits are binding. Once a maximal increase in active
power demand is determined, the set-points of the generators and loads specify an AC power flow test
case. The statistical models, AG-Stat, RG-AL50, and AC-Stat are then applied to these new power flow
test cases to produce the Active Power Increase (API) test cases. The optimization gaps of these test
cases is detailed in Table 13. Interestingly, the congestion introduced by increasing the active power
demands leads to significant optimality gaps.

$/h Optimality Gap (%)
Test Case AC CP NF+LL SOC SDP

nesta case3 lmbd api 367.74 14.79 8.16 3.30 1.26
nesta case4 gs api 767.27 6.72 0.77 0.65 0.00

nesta case5 pjm api 2998.54 0.75 0.45 0.45 0.00
nesta case6 c api 814.40 2.74 0.41 0.35 0.00

nesta case6 ww api 273.76 17.17 13.64 13.33 0.00?

nesta case9 wscc api 656.60 16.01 0.52 0.00 0.00
nesta case14 ieee api 325.56 8.89 1.78 1.34 0.00

nesta case24 ieee rts api 6421.37 24.12 21.14 20.70 1.45
nesta case29 edin api 295782.68 0.75 0.44 0.44 err.
nesta case30 as api 571.13 8.01 5.14 4.76 0.00
nesta case30 fsr api 372.14 48.80 46.19 45.97 11.06

nesta case30 ieee api 415.53 12.75 1.48 1.01 0.00
nesta case39 epri api 7466.25 13.31 3.71 2.99 0.00
nesta case57 ieee api 1430.65 3.51 0.46 0.21 0.08

nesta case73 ieee rts api 20123.98 17.83 15.63 14.34 4.29
nesta case89 pegase api 4288.02 22.60 20.71 20.43 18.11
nesta case118 ieee api 10325.27 49.69 44.35 44.08 31.50

nesta case162 ieee dtc api 6111.68 19.39 1.97 1.34 0.85
nesta case189 edin api 1982.82 — 8.21 5.78 0.05
nesta case300 ieee api 22866.01 — 1.81 0.84 0.00

nesta case1354 pegase api 59920.94 3.33 0.74 0.56 0.20?

nesta case1394sop eir api 3176.26 15.07 err. 1.58 —
nesta case1397sp eir api 5983.48 10.13 err. 1.59 —
nesta case1460wp eir api 6262.09 9.32 1.26 0.87 —
nesta case2224 edin api 46235.43 9.07 2.90 2.77 1.10

nesta case2383wp mp api 23499.48 3.10 1.24 1.12 0.10
nesta case2736sp mp api 25437.70 3.89 1.45 1.33 0.07
nesta case2737sop mp api 21192.40 4.62 1.20 1.06 0.00
nesta case2746wp mp api 27291.58 2.31 0.68 0.58 0.00
nesta case2746wop mp api 22814.86 1.87 0.59 0.49 0.00
nesta case2869 pegase api 96573.10 5.16 1.68 1.49 0.92?

nesta case3012wp mp api 27917.36 — 3.51 0.90 err.
nesta case3120sp mp api 22874.98 — 6.26 3.03 err.
nesta case3375wp mp api 48898.95 — 2.08 err. 0.00?

nesta case9241 pegase api 241975.18 — 3.12 2.59 —

Table 13: AC-OPF Bounds on the NESTA-API Test Cases (? - solver reported numerical accuracy warnings).

An entirely di↵erent approach to modifying the NESTA cases is inspired by the recent lines of research
[11, 10, 23] that indicate phase angle di↵erence bounds can have significant impacts on power system
optimization approaches. To investigate these impacts, new test cases are constructed in the following

21

way. For each of the standard NESTA cases, a small angle di↵erence optimization problem is solved,
which finds the minimum value of ✓

� that can be applied on all of the lines in the network, while
retaining a feasible AC power flow. Once the small, but feasible, value of ✓� is determined, the original
test case is updated with this value, yielding new optimal power flow test case, which we call the Small
Angle Di↵erence (SAD) test cases. The optimality gaps of these test cases are detailed in Table 14.
Interestingly, this entirely di↵erent approach to making challenging test cases also leads to significant
optimality gaps.

$/h Optimality Gap (%)
Test Case AC CP NF+LL SOC SDP

nesta case3 lmbd sad 5992.72 5.90 5.15 4.28 2.06
nesta case4 gs sad 324.02 66.06 4.93 4.90 0.05

nesta case5 pjm sad 26423.32 43.95 5.37 3.61 0.00
nesta case6 c sad 24.43 6.79 1.43 1.36 0.00

nesta case6 ww sad 3149.51 3.27 0.98 0.80 0.00
nesta case9 wscc sad 5590.09 6.69 4.20 1.50 0.00
nesta case14 ieee sad 244.15 5.22 0.26 0.06 0.00

nesta case24 ieee rts sad 79804.96 23.56 19.44 11.42 6.05
nesta case29 edin sad 46933.26 36.79 34.98 34.47 28.44
nesta case30 as sad 914.44 16.06 10.78 9.16 0.47
nesta case30 fsr sad 577.73 2.17 0.77 0.62 0.07

nesta case30 ieee sad 205.11 27.96 6.48 5.84 0.00
nesta case39 epri sad 97219.04 1.69 0.57 0.11 0.09
nesta case57 ieee sad 1143.88 1.64 0.32 0.11 0.02

nesta case73 ieee rts sad 235241.70 22.21 16.49 8.37 4.10
nesta case89 pegase sad 5827.01 1.62 0.48 0.28 0.03
nesta case118 ieee sad 4324.17 20.77 14.34 12.89 7.57

nesta case162 ieee dtc sad 4369.19 18.13 7.47 7.08 3.65
nesta case189 edin sad 914.61 — 7.92 2.25 1.20?

nesta case300 ieee sad 16910.23 — 3.75 1.26 0.13
nesta case1354 pegase sad 74072.33 1.37 0.20 0.08 0.00?

nesta case1394sop eir sad 1577.59 19.69 12.83 11.93 —
nesta case1397sp eir sad 4582.08 19.84 — 14.04 —
nesta case1460wp eir sad 5367.75 49.22 err. 1.08 —
nesta case2224 edin sad 38385.14 9.06 6.61 6.18 1.22

nesta case2383wp mp sad 1935308.12 8.62 4.48 4.00 1.30
nesta case2736sp mp sad 1337042.77 4.56 2.51 2.34 2.18?

nesta case2737sop mp sad 795429.36 3.95 2.57 2.42 2.24?

nesta case2746wp mp sad 1672150.46 5.43 2.73 2.44 2.41?

nesta case2746wop mp sad 1241955.30 5.14 3.14 2.94 2.71?

nesta case2869 pegase sad 134087.47 1.22 0.25 0.15 0.04?

nesta case3012wp mp sad 2635451.29 — 6.36 2.12 err.
nesta case3120sp mp sad 2203807.23 — 7.33 2.79 err.
nesta case3375wp mp sad 7436381.61 — 2.02 0.52 —
nesta case9241 pegase sad 315932.06 — 2.17 1.75 —

Table 14: AC-OPF Bounds on the NESTA-SAD Test Cases (? - solver reported numerical accuracy warnings).

In both Table 13 and Table 14, the significant optimality gaps may be caused by the non-convexities in
the AC-OPF, which the relaxations do not capture, or by the AC heuristic finding local optimal solutions
[7]. In either case, these modified test cases present interesting challenges for optimization algorithms.

22

API SAD

https://arxiv.org/abs/1411.0359

https://arxiv.org/abs/1411.0359
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Brute Force 
R&D Example

7

TABLE III
QUALITY AND RUNTIME RESULTS OF AC POWER FLOW RELAXATIONS

$/h Optimality Gap (%) Runtime (seconds)
Test Case AC SDP QC SOC CP AC SDP QC SOC CP

Typical Operating Conditions (TYP)
nesta case3 lmbd 5812.64 0.39 1.24 1.32 2.99 0.12 4.16 0.07 0.05 0.03

nesta case5 pjm 17551.89 5.22 14.54 14.54 15.62 0.04 5.36 0.09 0.03 0.05
nesta case30 ieee 204.97 0.00 15.64 15.88 27.91 0.09 8.38 0.17 0.07 0.06

nesta case118 ieee 3718.64 0.06 1.72 2.07 7.87 0.41 12.62 0.87 0.43 0.05
nesta case162 ieee dtc 4230.23 1.08 4.00 4.03 15.44 0.61 35.20 1.48 0.31 0.04

nesta case300 ieee 16891.28 0.08 1.17 1.18 n.a. 0.80 29.69 2.83 0.65 n.a.
nesta case2224 edin 38127.69 1.22 6.03 6.09 8.45 11.42 690.16 65.59 45.99 0.33

nesta case2383wp mp 1868511.78 0.37 1.04 1.05 5.35 12.41 1966.10 57.87 12.91 0.80
nesta case3012wp mp 2600842.72 — 1.00 1.02 n.a. 12.40 14588.79: 53.59 19.15 n.a.
nesta case9241 pegase 315913.26 — 1.67 — n.a. 132.25 — 3064.42 — n.a.

Congested Operating Conditions (API)
nesta case3 lmbd api 367.74 1.26 1.83 3.30 14.79 0.18 4.41 0.09 0.05 0.23

nesta case6 ww api 273.76 0.00‹ 13.14 13.33 17.17 0.34 13.19 0.07 0.06 0.03
nesta case14 ieee api 325.56 0.00 1.34 1.34 8.89 0.19 5.64 0.11 0.08 0.94

nesta case24 ieee rts api 6421.37 1.45 13.77 20.70 24.12 0.14 7.50 0.26 0.09 0.04
nesta case30 as api 571.13 0.00 4.76 4.76 8.01 0.38 6.12 0.17 0.11 1.11
nesta case30 fsr api 372.14 11.06 45.97 45.97 48.80 0.25 7.25 0.19 0.09 0.92

nesta case30 ieee api 415.53 0.00 1.01 1.01 12.75 0.07 6.60 0.19 0.09 0.03
nesta case39 epri api 7466.25 0.00 2.97 2.99 13.31 0.10 7.36 0.29 0.12 0.04

nesta case73 ieee rts api 20123.98 4.29 12.01 14.34 17.83 0.48 10.03 0.66 0.20 0.06
nesta case89 pegase api 4288.02 18.11 20.39 20.43 22.60 1.16 21.58 1.29 0.81 0.04

nesta case118 ieee api 10325.27 31.50 43.93 44.08 49.69 0.46 12.59 0.84 0.25 0.05
nesta case162 ieee dtc api 6111.68 0.85 1.33 1.34 19.39 0.50 36.85 1.53 0.39 0.05

nesta case189 edin api 1982.82 0.05 5.78 5.78 n.a. 1.07 16.10 1.14 0.33 n.a.
nesta case2224 edin api 46235.43 1.10 2.77 2.77 9.07 12.28 672.04 81.66 88.33 0.33

nesta case2383wp mp api 23499.48 0.10 1.12 1.12 3.10 9.50 1421.39 28.37 10.25 0.34
nesta case2736sp mp api 25437.70 0.07 1.32 1.33 3.89 9.21 2278.77 41.29 10.51 0.36

nesta case2737sop mp api 21192.40 0.00 1.05 1.06 4.62 9.29 1887.22 30.94 9.91 0.32
nesta case2869 pegase api 96573.10 0.92‹ 1.49 1.49 5.16 21.03 1579.87 102.55 161.96 0.37

nesta case3120sp mp api 22874.98 — 3.02 3.03 n.a. 14.92 15018.93: 41.72 12.19 n.a.
nesta case9241 pegase api 241975.18 — 2.45 2.59 n.a. 140.73 — 3511.60 8387.11 n.a.

Small Angle Difference Conditions (SAD)
nesta case3 lmbd sad 5992.72 2.06 1.24‹ 4.28 5.90 0.19 4.39 0.10 0.05 0.03

nesta case4 gs sad 324.02 0.05 0.81 4.90 66.06 0.24 4.16 0.06 0.06 0.07
nesta case5 pjm sad 26423.32 0.00 1.10 3.61 43.95 0.08 5.35 0.11 0.05 0.03

nesta case6 c sad 24.43 0.00 0.40 1.36 6.79 0.26 5.32 0.11 0.05 0.02
nesta case9 wscc sad 5590.09 0.00 0.41 1.50 6.69 0.14 4.18 0.19 0.05 0.03

nesta case24 ieee rts sad 79804.96 6.05 3.88 11.42 23.56 0.10 6.24 0.30 0.11 0.04
nesta case29 edin sad 46933.26 28.44 20.57 34.47 36.79 0.70 9.19 1.73 0.27 0.06

nesta case30 as sad 914.44 0.47 3.07 9.16 16.06 0.18 6.49 0.22 0.09 0.03
nesta case30 ieee sad 205.11 0.00 3.96 5.84 27.96 0.12 7.49 0.18 0.09 0.03

nesta case73 ieee rts sad 235241.70 4.10 3.51 8.37 22.21 0.30 9.48 0.87 0.20 0.07
nesta case118 ieee sad 4324.17 7.57 8.32 12.89 20.77 0.56 14.14 0.98 0.31 0.06

nesta case162 ieee dtc sad 4369.19 3.65 6.91 7.08 18.13 0.81 39.71 1.70 0.36 0.05
nesta case189 edin sad 914.61 1.20‹ 2.22 2.25 n.a. 0.65 14.83 1.27 0.46 n.a.
nesta case300 ieee sad 16910.23 0.13 1.16 1.26 n.a. 1.01 29.63 2.81 0.76 n.a.

nesta case2224 edin sad 38385.14 1.22 5.57 6.18 9.06 11.53 691.53 50.34 65.68 0.33
nesta case2383wp mp sad 1935308.12 1.30 2.97 4.00 8.62 16.25 1785.26 40.71 12.57 0.80
nesta case2736sp mp sad 1337042.77 2.18‹ 2.01 2.34 4.56 13.22 1737.25 35.42 11.31 0.48

nesta case2737sop mp sad 795429.36 2.24‹ 2.21 2.42 3.95 13.01 2153.37 32.05 9.69 0.39
nesta case2746wp mp sad 1672150.46 2.41‹ 1.83 2.44 5.43 14.01 2840.32 35.66 13.32 0.56

nesta case2746wop mp sad 1241955.30 2.71‹ 2.48 2.94 5.14 14.51 2306.18 32.41 23.22 0.42
nesta case3012wp mp sad 2635451.29 — 1.92 2.12 n.a. 15.79 13548.13: 46.59 28.41 n.a.
nesta case3120sp mp sad 2203807.23 — 2.56 2.79 n.a. 30.01 16804.55: 53.81 15.69 n.a.

nesta case9241 pegase sad 315932.06 — 0.80 1.75 n.a. 80.30 — 3531.62 33437.86 n.a.
bold - the relaxation provided a feasible AC power flow, ‹ - solver reported numerical accuracy warnings, —,: - iteration or memory limit

modifications suggested in [39], the solver fails to converge to
a solution before hitting the default iteration limit on 8 of the
53 test cases shown, it reports numerical accuracy warnings
on 4 of the test cases, and ran out of memory on the 3 test
cases with more 9000 nodes.

The QC and SOC Relaxations: As suggested by
the theoretical study in Section VI, when the phase an-
gle difference bounds are large, the QC relaxation is

quite similar to the SOC relaxation. However, when the
phase angle difference bounds are tight (e.g., in the
SAD cases), the QC relaxation has significant benefits
over the SOC relaxation. On average, the SDP relaxation
dominates the QC and SOC relaxations. However, there
are several notable cases (e.g. nesta case24 ieee rts sad,
nesta case29 edin sad, nesta case73 ieee rts sad) where

Power Formulations
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https://arxiv.org/abs/1502.07847

The QC Relaxation: Theoretical  
and Computational Results  

on Optimal Power Flow

https://arxiv.org/abs/1502.07847
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Brute Force R&D Lessons Learned
• Reproducing previous works is challenging 

• working from a base implementation is very helpful 
• AMPL was not built for this… 

• limited means to avoid excessive code replication 
• really hard to automate from the command line 
• limited licenses was the bottle neck in the All 

Formulations by All Instances Experiment
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The Matpower Effect

• If a formulation is not implemented in 
Matpower, it does not exist  
• At least for the majority of Power System 

PhD students
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Inception of PowerModels.jl
• A baseline implementation of Power Flow formulations 

from the literature 
• Hopefully, mitigates the Matpower effect  

• Using Julia/JuMP Resolves the AMPL Issues 
• Easy to automate at the command line 
• Fully open-source makes large-scale experiments 

easy  
• Julia enables advanced software design

https://github.com/lanl-ansi/PowerModels.jl
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My Dream

• I learn about a newly proposed Power Flow 
formulation 

• It is implemented in PowerModels.jl and 
tested on all started test cases, in 7 days or 
less 

• Lots of code abstractions in PowerModels.jl 
to enable this
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The Value of Open-Source
7

TABLE III
QUALITY AND RUNTIME RESULTS OF AC POWER FLOW RELAXATIONS

$/h Optimality Gap (%) Runtime (seconds)
Test Case AC SDP QC SOC CP AC SDP QC SOC CP

Typical Operating Conditions (TYP)
nesta case3 lmbd 5812.64 0.39 1.24 1.32 2.99 0.12 4.16 0.07 0.05 0.03
nesta case5 pjm 17551.89 5.22 14.54 14.54 15.62 0.04 5.36 0.09 0.03 0.05

nesta case30 ieee 204.97 0.00 15.64 15.88 27.91 0.09 8.38 0.17 0.07 0.06
nesta case118 ieee 3718.64 0.06 1.72 2.07 7.87 0.41 12.62 0.87 0.43 0.05

nesta case162 ieee dtc 4230.23 1.08 4.00 4.03 15.44 0.61 35.20 1.48 0.31 0.04
nesta case300 ieee 16891.28 0.08 1.17 1.18 n.a. 0.80 29.69 2.83 0.65 n.a.

nesta case2224 edin 38127.69 1.22 6.03 6.09 8.45 11.42 690.16 65.59 45.99 0.33
nesta case2383wp mp 1868511.78 0.37 1.04 1.05 5.35 12.41 1966.10 57.87 12.91 0.80
nesta case3012wp mp 2600842.72 — 1.00 1.02 n.a. 12.40 14588.79: 53.59 19.15 n.a.
nesta case9241 pegase 315913.26 — 1.67 — n.a. 132.25 — 3064.42 — n.a.

Congested Operating Conditions (API)
nesta case3 lmbd api 367.74 1.26 1.83 3.30 14.79 0.18 4.41 0.09 0.05 0.23

nesta case6 ww api 273.76 0.00‹ 13.14 13.33 17.17 0.34 13.19 0.07 0.06 0.03
nesta case14 ieee api 325.56 0.00 1.34 1.34 8.89 0.19 5.64 0.11 0.08 0.94

nesta case24 ieee rts api 6421.37 1.45 13.77 20.70 24.12 0.14 7.50 0.26 0.09 0.04
nesta case30 as api 571.13 0.00 4.76 4.76 8.01 0.38 6.12 0.17 0.11 1.11
nesta case30 fsr api 372.14 11.06 45.97 45.97 48.80 0.25 7.25 0.19 0.09 0.92

nesta case30 ieee api 415.53 0.00 1.01 1.01 12.75 0.07 6.60 0.19 0.09 0.03
nesta case39 epri api 7466.25 0.00 2.97 2.99 13.31 0.10 7.36 0.29 0.12 0.04

nesta case73 ieee rts api 20123.98 4.29 12.01 14.34 17.83 0.48 10.03 0.66 0.20 0.06
nesta case89 pegase api 4288.02 18.11 20.39 20.43 22.60 1.16 21.58 1.29 0.81 0.04

nesta case118 ieee api 10325.27 31.50 43.93 44.08 49.69 0.46 12.59 0.84 0.25 0.05
nesta case162 ieee dtc api 6111.68 0.85 1.33 1.34 19.39 0.50 36.85 1.53 0.39 0.05

nesta case189 edin api 1982.82 0.05 5.78 5.78 n.a. 1.07 16.10 1.14 0.33 n.a.
nesta case2224 edin api 46235.43 1.10 2.77 2.77 9.07 12.28 672.04 81.66 88.33 0.33

nesta case2383wp mp api 23499.48 0.10 1.12 1.12 3.10 9.50 1421.39 28.37 10.25 0.34
nesta case2736sp mp api 25437.70 0.07 1.32 1.33 3.89 9.21 2278.77 41.29 10.51 0.36

nesta case2737sop mp api 21192.40 0.00 1.05 1.06 4.62 9.29 1887.22 30.94 9.91 0.32
nesta case2869 pegase api 96573.10 0.92‹ 1.49 1.49 5.16 21.03 1579.87 102.55 161.96 0.37

nesta case3120sp mp api 22874.98 — 3.02 3.03 n.a. 14.92 15018.93: 41.72 12.19 n.a.
nesta case9241 pegase api 241975.18 — 2.45 2.59 n.a. 140.73 — 3511.60 8387.11 n.a.

Small Angle Difference Conditions (SAD)
nesta case3 lmbd sad 5992.72 2.06 1.24‹ 4.28 5.90 0.19 4.39 0.10 0.05 0.03

nesta case4 gs sad 324.02 0.05 0.81 4.90 66.06 0.24 4.16 0.06 0.06 0.07
nesta case5 pjm sad 26423.32 0.00 1.10 3.61 43.95 0.08 5.35 0.11 0.05 0.03

nesta case6 c sad 24.43 0.00 0.40 1.36 6.79 0.26 5.32 0.11 0.05 0.02
nesta case9 wscc sad 5590.09 0.00 0.41 1.50 6.69 0.14 4.18 0.19 0.05 0.03

nesta case24 ieee rts sad 79804.96 6.05 3.88 11.42 23.56 0.10 6.24 0.30 0.11 0.04
nesta case29 edin sad 46933.26 28.44 20.57 34.47 36.79 0.70 9.19 1.73 0.27 0.06

nesta case30 as sad 914.44 0.47 3.07 9.16 16.06 0.18 6.49 0.22 0.09 0.03
nesta case30 ieee sad 205.11 0.00 3.96 5.84 27.96 0.12 7.49 0.18 0.09 0.03

nesta case73 ieee rts sad 235241.70 4.10 3.51 8.37 22.21 0.30 9.48 0.87 0.20 0.07
nesta case118 ieee sad 4324.17 7.57 8.32 12.89 20.77 0.56 14.14 0.98 0.31 0.06

nesta case162 ieee dtc sad 4369.19 3.65 6.91 7.08 18.13 0.81 39.71 1.70 0.36 0.05
nesta case189 edin sad 914.61 1.20‹ 2.22 2.25 n.a. 0.65 14.83 1.27 0.46 n.a.
nesta case300 ieee sad 16910.23 0.13 1.16 1.26 n.a. 1.01 29.63 2.81 0.76 n.a.

nesta case2224 edin sad 38385.14 1.22 5.57 6.18 9.06 11.53 691.53 50.34 65.68 0.33
nesta case2383wp mp sad 1935308.12 1.30 2.97 4.00 8.62 16.25 1785.26 40.71 12.57 0.80
nesta case2736sp mp sad 1337042.77 2.18‹ 2.01 2.34 4.56 13.22 1737.25 35.42 11.31 0.48

nesta case2737sop mp sad 795429.36 2.24‹ 2.21 2.42 3.95 13.01 2153.37 32.05 9.69 0.39
nesta case2746wp mp sad 1672150.46 2.41‹ 1.83 2.44 5.43 14.01 2840.32 35.66 13.32 0.56

nesta case2746wop mp sad 1241955.30 2.71‹ 2.48 2.94 5.14 14.51 2306.18 32.41 23.22 0.42
nesta case3012wp mp sad 2635451.29 — 1.92 2.12 n.a. 15.79 13548.13: 46.59 28.41 n.a.
nesta case3120sp mp sad 2203807.23 — 2.56 2.79 n.a. 30.01 16804.55: 53.81 15.69 n.a.

nesta case9241 pegase sad 315932.06 — 0.80 1.75 n.a. 80.30 — 3531.62 33437.86 n.a.
bold - the relaxation provided a feasible AC power flow, ‹ - solver reported numerical accuracy warnings, —,: - iteration or memory limit

modifications suggested in [39], the solver fails to converge to
a solution before hitting the default iteration limit on 8 of the
53 test cases shown, it reports numerical accuracy warnings
on 4 of the test cases, and ran out of memory on the 3 test
cases with more 9000 nodes.

The QC and SOC Relaxations: As suggested by
the theoretical study in Section VI, when the phase an-
gle difference bounds are large, the QC relaxation is

quite similar to the SOC relaxation. However, when the
phase angle difference bounds are tight (e.g., in the
SAD cases), the QC relaxation has significant benefits
over the SOC relaxation. On average, the SDP relaxation
dominates the QC and SOC relaxations. However, there
are several notable cases (e.g. nesta case24 ieee rts sad,
nesta case29 edin sad, nesta case73 ieee rts sad) where

https://lanl-ansi.github.io/PowerModels.jl/latest/
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PowerModels.jl

CAUTION
Under Construction
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PowerModels.jl Structure

JuMP 

MathProgBase

Average user not interested  
in the modeling details, just 
wants it to work.
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Matpower Data is the R&D Standard
function mpc = nesta_case3_lmbd
mpc.version = '2';
mpc.baseMVA = 100.0;

mpc.bus = [
1  3  110.0  40.0  0.0  0.0  1     1.10000    -0.00000  240.0  1     1.10000     0.90000;
2  2  110.0  40.0  0.0  0.0  1     0.92617     7.25883  240.0  1     1.10000     0.90000;
3  2  95.0  50.0  0.0  0.0  1     0.90000   -17.26710  240.0  2     1.10000     0.90000;

];

mpc.gen = [
1  148.067  54.697 1000.0 -1000.0  1.1  100.0  1  2000.0 0.0  0.0  0.0  0.0  0.0  0.0  0.0  0.0  0.0  0.0  0.0  0.0;
2  170.006  -8.791 1000.0 -1000.0  0.92617  100.0  1  2000.0 0.0  0.0  0.0  0.0  0.0  0.0  0.0  0.0  0.0  0.0  0.0  0.0;
3  0.0  -4.843 1000.0 -1000.0  0.9  100.0  1  0.0  0.0  0.0  0.0  0.0  0.0  0.0  0.0  0.0  0.0  0.0  0.0  0.0;

];

mpc.gencost = [
2  0.0  0.0  3    0.110000    5.000000    0.000000;
2  0.0  0.0  3    0.085000    1.200000    0.000000;
2  0.0  0.0  3    0.000000    0.000000    0.000000;

];

mpc.branch = [
1  3  0.065  0.62  0.45  9000.0 0.0  0.0  0.0  0.0  1  -30.0  30.0;
3  2  0.025  0.75  0.7  50.0  0.0  0.0  0.0  0.0  1  -30.0  30.0;
1  2  0.042  0.9  0.3  9000.0 0.0  0.0  0.0  0.0  1  -30.0  30.0;

];
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Parsing Matpower Files 
using PowerModels

network_data = PowerModels.parse_file(“nesta_case3_lmbd.m”)

Parser supports user-defined extensions  
to the Matpower format

https://lanl-ansi.github.io/PowerModels.jl/latest/data.html

raw textjulia dictionary

println(network_data[“bus”][“1”][“pd”])
> 1.1
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Your First PowerModel (OPF)
using PowerModels; using Ipopt
solver = IpoptSolver()

result = run_ac_opf(“nesta_case3_lmbd.m”, solver)

result = run_dc_opf(“nesta_case3_lmbd.m”, solver)

run_opf("nesta_case3_lmbd.m", ACPPowerModel, solver)

run_opf("nesta_case3_lmbd.m", DCPPowerModel, solver)

run_opf("nesta_case3_lmbd.m", SOCWRPowerModel, solver)

Non-Convex Form

Linear Approximation

Convex Relaxation
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Inspecting the Results
using PowerModels; using Ipopt
solver = IpoptSolver()

result = run_opf("nesta_case3_lmbd.m", ACPPowerModel, solver)

println(result[“objective”])
> 5812.64293503618

println(result[“solve_time”])
> 0.009732971

println(result[“solution”])
> Dict{String,Any}(Pair{String,Any}(“baseMVA”,100.0),Pair{String,Any}
("gen",Dict{String,Any}(Pair{String,Any}("1",Dict{String,Any}…

julia dictionary (standard structure)



Operated by Los Alamos National Security, LLC for the U.S. Department of Energy's NNSA

UNCLASSIFIED

LA-UR-17-24522

32

Modifying Network Data
using PowerModels; using Ipopt
solver = IpoptSolver()

network_data = PowerModels.parse_file("nesta_case3_lmbd.m")

network_data["bus"]["3"]["pd"] = 0.0
network_data["bus"]["3"]["qd"] = 0.0

result_1 = run_ac_opf(network_data, solver)

network_data["bus"]["3"]["pd"] = 1.0
network_data["bus"]["3"]["qd"] = 0.5

result_2 = run_ac_opf(network_data, solver)



Operated by Los Alamos National Security, LLC for the U.S. Department of Energy's NNSA

UNCLASSIFIED

LA-UR-17-24522

33

Solving Different Problems
using PowerModels; using Ipopt
solver = IpoptSolver()

# Base Non-Convex Model
run_pf(“case5_pjm_tnep.m", ACPPowerModel, solver)
run_opf("case5_pjm_tnep.m", ACPPowerModel, solver)
run_ots("case5_pjm_tnep.m", ACPPowerModel, solver)
run_tnep("case5_pjm_tnep.m", ACPPowerModel, solver)

# Linear Approximation
run_pf(“case5_pjm_tnep.m", DCPPowerModel, solver)
run_opf("case5_pjm_tnep.m", DCPPowerModel, solver)
run_ots("case5_pjm_tnep.m", DCPPowerModel, solver)
run_tnep("case5_pjm_tnep.m", DCPPowerModel, solver)

Problem Class

Problem Formulation

Linear Formulation
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Solving Different Problems
using PowerModels; using Ipopt
solver = IpoptSolver()

# Base Non-Convex Model
run_pf(“case5_pjm_tnep.m", ACPPowerModel, solver)
run_opf("case5_pjm_tnep.m", ACPPowerModel, solver)
run_ots("case5_pjm_tnep.m", ACPPowerModel, solver)
run_tnep("case5_pjm_tnep.m", ACPPowerModel, solver)

# Convex Relaxation
run_pf(“case5_pjm_tnep.m", SOCWRPowerModel, solver)
run_opf("case5_pjm_tnep.m", SOCWRPowerModel, solver)
run_ots("case5_pjm_tnep.m", SOCWRPowerModel, solver)
run_tnep("case5_pjm_tnep.m", SOCWRPowerModel, solver)

This software design  
helps to organize 100s of possible  

Problem / Formulation combinations 

Convex Formulation



Operated by Los Alamos National Security, LLC for the U.S. Department of Energy's NNSA

UNCLASSIFIED

LA-UR-17-24522

35

Where is JuMP?
using PowerModels; using Ipopt
solver = IpoptSolver()

result = run_opf("nesta_case3_lmbd.m", ACPPowerModel, solver)

pm = build_generic_model("nesta_case3_lmbd.m", ACPPowerModel, PowerModels.post_opf)
result = solve_generic_model(pm, solver)

pm = build_generic_model("nesta_case3_lmbd.m", ACPPowerModel, PowerModels.post_opf)

println(pm.model) # show / modify the JuMP model

result = solve_generic_model(pm, solver)

PowerModels Internal  
Data Structure

JuMP Model
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PowerModels Problem Definition (OPF)
function post_opf(pm::GenericPowerModel)
    variable_voltage(pm)
    variable_generation(pm)
    variable_line_flow(pm)

    objective_min_fuel_cost(pm)

    constraint_theta_ref(pm)
    constraint_voltage(pm)

    for (i,bus) in pm.ref[:bus]
        constraint_kcl_shunt(pm, bus)
    end

    for (i,branch) in pm.ref[:branch]
        constraint_ohms_yt_from(pm, branch)
        constraint_ohms_yt_to(pm, branch)

        constraint_phase_angle_difference(pm, branch)

        constraint_thermal_limit_from(pm, branch)
        constraint_thermal_limit_to(pm, branch)
    end
end

variables:

Sg
i 8i 2 N

Vi 8i 2 N

minimize:

X

i2N

f(Sg
i )

subject to:

(vl
i)

2  ViV
⇤
i  (vu

i )
2 8i 2 N

Sgl
i  Sg

i  Sgu
i 8i 2 N

Sg
i � Sd

i =
X

(i,j)2E[ER

Sij 8i 2 N

Sij = Y ⇤
ijViV

⇤
i � Y ⇤

ijViV
⇤
j (i, j) 2 E [ ER

|Sij |2  (suij)
2 8(i, j) 2 E [ ER

� ✓�
ij  \(ViV

⇤
j )  ✓�
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Implicit
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Versions Convention

vX.Y.Z

breaking changes

Will be zero for some time

Non-breaking changes
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Versions Past and Planned
• v0.1.0 (2016 Q2-Q3) 

• First draft (basically learning Julia / JuMP) 
• v0.2.0 (2016 Q3-Q4) 

• First public version, Thanks to Miles 
• v0.3.0 (2017 Q1-Present) 

• Significant engineering improvements 
• v0.4.0 (2017, I hope) 

• Massive renaming of stuff 
• Adding many more formulations from the literature
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Contributions Welcome!
• This is a community resource for established 

problems and formulations 
• Excited to add, 

• New problem classes 
• New formulations (especially complex ones, 

e.g. moment-based relaxations) 
• Addressing anything in the github issues
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Questions / Comments?

cjc@lanl.gov
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Why have these ***PowerModel Things?
run_opf("nesta_case3_lmbd.m", ACPPowerModel, solver)
run_opf("nesta_case3_lmbd.m", DCPPowerModel, solver)
run_opf("nesta_case3_lmbd.m", SOCWRPowerModel, solver)
...

GenericPowerModel

ACPPowerModel AbstractWRPowerModel

SOCWRPowerModel QCWRPowerModel

DCPPowerModel

Formulation 
Specialized ModelingShared Modeling


